A simple solution is developed for the reflected waves on a rough surface from a simple harmonic point source. It is assumed that the roughness is represented by a distribution of hemispherical bosses whose size and mutual distance are small relative to the wavelength.
A simple solution is developed for the reflected waves on a rough surface from a simple harmonic point source. It is assumed that the roughness is represented by a distribution of hemispherical bosses whose size and mutual distance are small relative to the wavelength.
It is shown that under these conditions the effect of the roughness is equivalent to a boundary condition for the wave equation.
This boundary condition embodies the surface polarization and the mutual interaction of the bosses. If the generating source lies above the reflecting surface the reflected wave is found to be equivalent to that originating from concentrated and distributed image sources on a line situated below the specular image with a magnitude decreasing exponentially with depth. The case of vanishingly small roughness is discussed along with the field intensity at large distance and grazing incidence. The effect of fluid viscosity is also evaluated.
INTRODUCTION
W E are concerned here with a simple solution to the problem of reflection of acoustic waves from a rough surface under certain assumptions. When a simple harmonic wave strikes a rough surface on which the roughness is represented by distributed protuberances, the influence of this roughness may be separated into a coherent reflected wave and an incoherent part. The latter represents the scatter proper. If, however, the size of the protuberances and their mutual distance become small relative to the protuberances and their mutual distance become small relative to the wavelength the coherent reflection plays the dominant role. It is this particular aspect of the phenomenon which we are dealing with in the present treatment of the problem. Another equivalent viewpoint is to look upon this phenomenon as due to a two-dimensional surface polarization induced in the protuberances by the incident wave and simultaneously by the interaction of waves emitted by the protuberances themselves. This interaction plays an important role and modifies essentially the character of the reflection even for very small size roughness.
The particular acoustic problem considered here is that of the reflection of simple harmonic waves emanating from a point source situated at a given distance h above the reflecting surface. The procedure followed is entirely analogous to that established by this writer in some earlier work for the reflection on a rough surface of plane electromagnetic and acoustic' waves, and of an electromagnetic dipole source. inclusion in the theory of the effect of vertical slope of the protuberances. The essential feature of our procedure which was introduced in the earlier workIs lies in the substitution of the integral equation representing the interaction of the bosses by a boundary condition for the wave equation. This boundary condition is simply a linear relation between the first and second normal derivatives of the velocity potential. This opens the way to a very flexible and simple treatment of reflection and diffraction problems from and around rough obstacles. Similarly, the case of nonuniform roughness may be introduced by varying the boundary condition from point to point.
Use of spherical and cylindrical protuberances to represent surface roughness has been made by Twersky3 in evaluations of the scattering cross section for plane waves. The emphasis is on energy evaluation of the scattered field. In a more recent papeti he also derives the existence of a phase reversal at grazing incidence in accordance with our previous results for plane waves1 and the present formulas for the far field in the case of a point source. In Sec. 2 we derive the boundary condition which is equivalent to the effect of the roughness. From this boundary condition and the Sommerfeld representation of an acoustic point source an expression is derived in Sec. 3 for the reflected field. In Sec. 4 it is shown that if the source lies above a horizontal plane of reflection the reflected field is represented by the radiation of a concentrated image and exponentially distributed images lying on a vertical line below the specular image of the source.
Several special cases are discussed in Sec. 5. The case of vanishingly smail roughness is considered and it is shown that in that case the reflected wave results from a specular image and a distribution of images of very small intensity lying on the vertical line below the specular image over a wide range of depth. This shows that for a pulse signal the small roughness a V. Twersky, J. Appl. Phys. 22, 852 (1951).
M.
A. BIOT induces a trail of small intensity echoes with large time lags. The reflected field at large distances, i.e., grazing incidence, is also discussed. It is shown that the incident plus reflected wave cancel each other in a region of grazing incidence. The extent of this zone of silence is evaluated in terms of the magnitude of the roughness. Finally, the effect of the fluid viscosity is evaluated by considering the thickness of the boundary layer near the rigid wall. It is found that in practice the viscosity will not generally have any appreciable influence.
The existence of a zone of silence at grazing incidence may be understood physically by the fact that the roughness induces a wave disturbance which is in phase opposition with the incident wave. The effect is cumulative at grazing incidence because the phase velocity of the incident wave along the reflecting surface is equal or very near to the velocity of propagation of the wave disturbance.
For the effect to occur the disturbance due to the roughness must propagate in the same direction as the incident wave. This is exactly the case for the induced dipoles in the acoustic case. The physical significance of this effect was also discussed in reference 1 for the electromagnetic wave, where is was found that the existence of a zone of silence depends on the polarization.
Another difference of the electromagnetic case with the acoustic case lies in the disappearance of the influence of the roughness near an angle of incidence of 45'. This is because, in the former case, two types of dipole disturbances are induced (electric and magnetic) and that their effects cancel each other at a particular angle of incidence.
When the distance between bosses becomes of the order of their diameter, a short range interaction appears which is nonradiative and may be taken into account by introducing a correction coefficient K close to unity. This point is developed in the appendix.
It will be remembered that the present treatment is for reflection from a rigid surface. A rough free surface, as for example that encountered by sound waves in the water at the ocean surface, should behave quite differently .
REPLACEMENT OF THE ROUGH SURFACE BY A BOUNDARY CONDITION
Let us first consider a rigid plane of reflection on which a single roughness element is located. This element will be represented by a hemispherical boss of radius a. It is further assumed that the radius a is small relative to the wavelength X. This being the case we may consider the velocity caused by the incident and reflected wave on the plane surface in the absence of any roughness. We may assume this velocity field to be approximately uniform in a region of the order of magnitude of the radius a. Let us locate the boss at the origin, the x, y plane being the reflecting plane, and the waves propagating in the half-space z>O. The boss produces a radiating disturbance represented by a dipole of intensity and orientation such that on the sphere of radius a the normal component of the' undisturbed field is canceled. With an undisturbed field of uniform velocity U, directed along x, the dipole axis lies in the same direction, and the velocity potential I,D' generated by this dipole is (2.1) where R'= (x2+y2+z2) 5, w = angular frequency, k=o/c, and c=velocity of sound. Our assumption regarding the wavelength corresponds to ka<<l.
We may also write pol'= a4dax, (2.2) with If the undisturbed field is in an arbitrary direction of velocity components U, and U, the velocity potential (o' of the disturbance is the superposition of (2.2) and (2.4) hence We now consider the case when there is a continuous and uniform distribution of the roughness on the plane of reflection in the form of hemispherical bosses of radius a. The density of the distribution is represented by the number N of these bosses per unit area.
At any point of the reflecting plane there is a velocity parallel with this plane and of components U, and U,. Due to the presence of the bosses this field generates a disturbance which is the integrated effect of all the radiating dipoles on the surface of reflection. The velocity potential of the disturbances radiated by the continuous distribution of all the bosses is denoted by 9 and is obtained as follows. We multiply expressions (2.3) and (2.5) by the boss density N and integrate In expression (2.11) the velocity of components U,, U, is unknown. It is the velocity resulting from, 1. The incident field of velocity potential vs. 2. A specularly reflected field of velocity potential (oi, which corresponds to reflection in the absence of roughness and is given by a specular image located at z= -h and 3. The field of velocity potential 'p produced by the radiation of the bosses. It is part of the "undisturbed" with the total velocity potential (2.12). We must remember that the derivative d/az is the normal derivative to the surface taken positive in a direction moving away from the solid. From the way this boundary condition has been derived it is clear that it applies also to a curved surface provided jthe radius of curvature is large relative to the size of the roughness.
CLOSED FORM SOLUTION FOR THE REFLECTED WAVE
The source is assumed to be located on the z axis at a distance z= h from the reflecting plane z=O. The velocity potential of this source is 
R,= [r2+ (z--h)"]+, r2=xz+y2,
and where D is a constant defining the magnitude of the source. Similarly, the specular image source located at z= --h is represented by the velocity potential pi= D@-ikRi/Ri) (3.2) with
Ri= [r2+ (z+?z)~]~
Since the problem is axisymmetric, a cylindrical coordinate system is used.
In order to determine the unknown potential 9 we represent the field radiated by the source as a Sommerfeld integral.6*6
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The first term ~1 is simply the negative specular image
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Consider now the second term (~2 and let us write the Sommerfeld integral for a source located at a depth hr below the reflecting plane, we have We recognize on the right-hand side the integral representing the value of (02. Hence image. The density of the distribution dies out exponentially with depth proportionally to the factor exp [-pI(hl-h)] .
The field (Do results similarly from an exponential distribution of sources with a diBerent exponential factor exp [-p2(hl-h) 1 Rl namely it tends to that of a specular image and a vanishingly small residue (02. It is interesting to note that, while the residual field QZ becomes vanishingly small, it is the result of sources which are distributed on the z axis below the specular image with an, exponential density which decreases very slowly with depth. This means that for a pulse signal the residual field corresponds to small intensity echoes with very large time delays after the first arrival.
Another limiting case of interest is represented by the intensity of the reflected field at large distances and in particular, at grazing incidence. In order to evaluate the field at large distance we put h2=hI-h (5 -6) and write
This quantity is the distance of the observer 0 to a point P located at a distance hz below the specular image I, while 0 is the angle of the line 01 with the vertical. Hence, 0 is the angle of incidence for specular reflection. We may write case= (z+h)/Ri.
(5.8)
Consider now the following exponent in the integrand of (4.13) ~Ll(hl_h)=CLlh2=C11_Ri(h2/Ri The factor represents simply a change of phase angle of the source radiation without change of intensity. We put 2 cosO+iak sin20 = su. 2 cosO--irk sin20 The phase angle varies with the angle of incidence. For O-/2, i.e., grazing incidence the phase angle 2# tends to 180". In this case the rejected and direct signals are of equal intensity and opposite phase hence they cancel each other near the rejlecting surface. This results in a zone of silence at large distance in the vicinity of the reflecting surface. It is important to call attention to the fact that this phenomenon occurs no matter how small the radius a of the bosses. However, as the roughness becomes vanishingly small the range of angles of incidences for which this effect is apparent is closer and closer to 90".
In order Let us assume a case where the hemispherical bosses of radius a are located on the average at the vertices of a lattice of equilateral triangles with an average distance 3a between their centers. Then two tri-angles of area (9/2)$ a2 contain one boss. Therefore, the number of bosses per unit area is N=if- If the wavelength is ten times the radius of the bosses Of= l/10 and a region of silence occurs for rays which lie within about 5 degrees from the plane of reflection. For instance in air imagine the roughness to be the size of pebbles of radius a=3 cm, the wavelength REFLECTION AT A ROUGH SURFACE 1199 corresponding to 5 degree silence zone is 30 cm and the frequency about 1 kc. In the foregoing we have neglected the effect of the viscosity. It is clear that the viscosity creates a boundary layer near the surface of reflection where the velocity drops to zero as we approach the surface. The roughness effects which we have dealt with above will of course arise only if the bosses protrude outside the boundary layer, i.e., if the boundary layer thickness is small compared to the boss radius a. If the solid boundary were moving with the same tangential velocity lJ as the fluid there would be no friction effect. The boundary layer therefore is close to that occurring in a fluid when a plane boundary oscillates harmonically with a tangential velocity of amplitude U and angular frequency W. The velocity at a distance z from the boundary ist U= lJe+* cos(wt-@z) (5.25) with p= (W/2Y)f.
(5.26)
The kinematic viscosity of the fluid is denoted by v = q/p (7 = viscosity, p = mass density). This velocity field dies out rapidly as we move away from the surface z=O. The thickness of the boundary layer may be taken to be the quarter-wavelength a1 = 7r/2p = + (7rv/j) *, (5.27) where j= w/27r is the frequency. The condition of validity of the present theory is that case the flow in a region which is small relative to the wavelength is the same as for an incompressible fluid. The problem is then to find the dipole induced in a boss by a uniform flow U, parallel with the plane of reflection and taking into account the short range interaction of the surrounding bosses. The dipole moments induced in the bosses are parallel with U, and denoted by M,. A boss located at the origin is surrounded on the average by six bosses. If the average distance between the center of the bosses is denoted by b the six surrounding bosses are located at the vertices of an hexagon inscribed in a circle of radius b. The velocity induced at the origin by the six associated dipole moments is uJ1) = 3MJb3. (A.2) This value is the same whether we consider concentrated dipoles or whether we distribute them uniformly over the circle. The next nearest row of dipoles is on the circle of radius 2b. Since there are twice as many dipoles the velocity induced at the origin by this second circle is We see that except for extreme cases the effect of the roughness will not be modified appreciably by the viscosity.
The total velocity which induces a dipole at the origin is Hence u,'= 7/J,+ UzCi'.
(A.6)
APPENDIX
As mentioned in the text, when the distance between the bosses becomes of the order of their dimension there is a short-range interaction effect which may be taken into account by introducing a coefficient K in the definition of u.
(A.71
On the other hand, the magnitude of the induced dipole in the hemispherical boss of radius a is (r= (27r/K)NU3 (A-1) (A.8) 
